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The role of enzyme cooperativity in the mechanism of metabolic oscillations is analyzed in 2 concerted allosteric model
for the phosphofructokinase reaction, This model of a dimer enzyme activated by the reaction product accounts quantita-~
tively for glycolytic periodicitics observed in veast and muscle. The Hill coefficient characteristic of enzyme—substrate
interactions is determined in the model, both at the steady state and in the course of sustained oscillations. Positive coop-
erativity is a prerequisite for periodic behavior. A necessary condition for oscillation in a dimer K system is 2 Hill coefficient
Iarger than 1.6 at the unstable stationary state. The analysis suggests that positive as well as negative effectors of phospho-
fructokinase inhibit glycolytic oscillations by inducing a decrease in enzyme cooperativity. The results arc discussed with

respect to glycolytic and other metabolic periodicities.

1. Introduction

‘The physiological significance of metabolic oscilla-
tions is progressively coming to light, the best exam-
ple being the role of periodic cAMP pulses in the dif-
ferentiation of celiular slime molds [1,72; see ref. 3 for
a review]. Glycolytic oscillations are the prototype of
periodicity in a metabolic pathway [3]. These oscilla-
tions, observed in yeast and muscle [4-6], result from
the cooperative and regulatory propertias of phospho-
fructokinase (PFK) ®. An allosteric model has been
developed for the PFK reaction [7,8], in the frame
of the concerted transition theory of Monod et al. [9].
The model yields apreement with the oscillatory dy-
namics of the glycolytic system, and allows a detailed
analysis of the molecular mechanism of oscillations in
this pathway [3,7,8, 10].

The positive feedback exerted on PFK by a reac-
tion product and the far from equilibrium operation
of this enzyme play an essential role in the origin of
glycolytic periodicities [3—8, 10}. Experimental re-
sults on the periodic on-off performance of PFK sug-

* Abbreviations: PFK, phosphofructokinase (E.C. 2.7.1.11);
F6P, fructose-6-phosphate; FDP, fructose-1,6-diphosphate.

gest that the allosteric nature of the enzyme is of
equal importance for oscillatory behavior [4]. The
purpose of the present study is to determine the role
of enzyme cooperativity in the onset of metabolic
oscillations. To this end, the Hill coefficient character-
istic of enzyme—substrate interactions is analyzed in
the allosteric model for PFK. The motivation for this
analysis is twofold: the Hill coefficient is the most
widely used measure of cooperativity in allosteric en-
zymes; furthermore, its analytical expression in the
concerted model is known [11-13].

It is well established that sustained periodicities in
chemical systems occur around a nonequilibrium un-
stable stationary state {14, 15]. Here we show that
sustained oscillations in the PFK model are associated
with large values of the Hill coefficient at the unstable
steady state. These values are close to the number of
p-- ‘omers constituting the enzyme. Moreover, the Hill
caefficient remains near maximum during oscillation.

The analysis of the Hill coefficient provides an ax-
planation for the fact that positive as well as negative
effectors of PFK inhibit glycolytic oscillations. The
results support the conclusion that enzyme coopera-
tivity plays a primary role in the mechanism of glyco-
Iytic and other metabolic periodicities.
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2. Alesteric model for glycolytic oscillations

The modcl developed for the PFK reaction in the
frame of the concerted transition theory [9] is that
of an open K~V system in which the product is a
positive effector of the dimer enzyme (see ref. [7] and
[8] for a detailed presentation). When the effect of
diffusion remains negligible, as In continuously stirred
extracts of yeast or muscle [4-6], the time evolution
of substrate and product concentrations is described
by the following kinetic equations [7, 8}:

do d
ar - 91— oud, 3}2”31‘1’—"'s7- 1)
with

ae(1+ae)(1 +y)2+ Lbace’ (1 + ace')
L(1 +ace’)?2+ (1 +7)2(1 +ae)? )
Here, o and ¥ denote respectively the concentration
of substrate (ATP or F6P) and product (ADP or FDP)
of the PFK reaction, divided by the dissociation con-
stant Ky of enzyme complexes in the R state. The al-
losteric constant L denotes the ratio of enzyme forms
in the T and R states in the absence of ligands: the
nonexclusive binding coefficient ¢, equal to the ratio
Ky /Ky, reflects the differential affinity of the sub-
strate for these states; 0y and oy; denote the substrate
input rate and the maximum enzyme reaction rate,
divided by K : kg is the rate constant for the product
sink; 8 represents the ratio of catalvtic constants of the
T and R conformations. Finally,e = (1 +e)~! and
e =(1 +€')"1, where € and €' are relative catalytic
constants of the T and R states. Further details on the
definition of these parameters are given in refs,
[7.8,10].

A stability analysis of the stationary state {ag. ¥g)
admitted by eq. (1) for (da/dr) = (dy/dt) = O yields
the conditicns in which the system undergoes sustained
oscillations of the limit cycle type {7, 8]. The oscilla-:
tory behavior of the model is in agreement with ex-
perimental findings in gly colyzing yeast extracts as to
the oscillatory range of substrate injection ratec,
periodic variation of enzyme activity, contro! of peri-
od and amplitude by the substrate input, phase shift
by the product, entrainment by a periodic source of
substrate, and stability in the presence of random var-
iations of the substrate input {3,7,8,10]. It follows
that the oscillatory dynamics of the glycolytic system

= (v/ V‘!) =

can satisfactorily be described by the allosteric model
for the PFK reaction.

3. Enzyme cooperativity and sustained oscillations

The domain of sustained oscillations in the PFK
model usually corresponds to large values of the al-
losteric constant £ {7, 8]. These values, of the order
of 108, suggest that enzyme cooperativity plays a
primary role in the onset of periodic behavior. This is
confirmed by a quantitative analysis of the Hill coeffi-
cient at the stationary state.

In enzymatic systems, the Hill coefficient is defined
as the slope of a Hill plot established either with re-
spect to the equilibrium saturation functjon of the en-
zyme, or with respect to the reaction rate. For each
definition, an analytical expression of the Hill coeffi-
cient has been obtained in the concerted model for
allosteric enzymes [11—13]. In perfect K systems, in
which the T and R states have the same catalytic activ-
ity (8 = 1), the analytical expression of the Hill coeffi-
cient remains similar for binding {11] or kinetic data
[12, 13]. The kinetic Hill coefficient related to the
substrate is then given, in the PFK model, by the rela-
tion {13}:

myy = 1 +ol'(e—ce')2/ {[(1 + ae) + L'(1 + ace’)]

X fel +ae) + L'ce’ (1 + ace’)]}, 3)

where the apparent allosteric constant L' is defined [9]
as

L'=LI(1+7)2. @

At equilibrium, e = " = 1; eq. (3) then yields the ex-
pression of the Hill coefficient defined for binding
{11-13].

The value of the Hill coefficient at the stationary
state is obtained by inserting the steady-state concen-
trations ag. yq (see the appendix) in relations (3) and
).

As shown in previous studies of the concerted mod-
el [16], the Hill coefficient in a perfect K system goes
to unity when the substrate has the same affinity for
the T and R states (¢ = 1), and tends to its maximum
value, equal to the number of protomers constituting
the enzyme, when the substrate binds exclusively to
the R state (¢ = 0). A plot of the Hill coefficient at the
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Fig. 1. Hill coefticient at the stationary state and oscillatory
domain, as a function of the allosteric constant L and of the
nonexclusive binding coefficient c. The Hill coefficient ngg is
caiculated according to cqy. (3), at the steady state given by

cqg. (A.1) and (A.3) in the appendix. On each curve, the sez-
ment of dashed linc between arrows indicates periodic behav-
for, of the limit cycle type, around an unstable stationary
state; the stability propertics of the steady state are deter-
mined by normal mode analysis {7.8]. The curves are estab-
lished on an IBM 370-163 computer, for the following set of
parameter values corresponding to experimental data in oscil-
lating yeast extracts {3,4,7,8,10}:c=¢ =10"%,0, =0.7s™",
ks=0.15s"", oy =4 s the dimer enzyme considered is a
perfect K system (8 = 1). Similar curves are obtained when the
Hill coefficient is plotted as a function of the apparent allos-
teric constant L'.

stationary state as a function of the nonexclusive
binding coefficient of the substrate shows, in the PFK
model, that sustained oscillations occur below a criti-
cal value of ¢ when the allosteric constant is sufficient-
Iy large [8].

The relationship between the steady-state value of
the Hill coefficient and the allosteric constant is illu-
strated in fig. 1, for different values of the nonexclu-
sive binding coefficient. Bell-shaped curves thus ob-
tained resemble those that yield the maximum Hill
coefficient for binding as a function of the apparent
allosteric constant [16]. On each curve, the segment
of dashed line indicates the domain of sustained oscil-
lations. For a given value of ¢, there is a finite domain
of L values yielding oscillation, except when the sub-
strate binds to the R state of the enzyme exclusively
(c =0).

The oscillatory domain of ry; values presents a cer-
tain asymmetry with respect to the allosteric constant.
This asymmetry results from that the substrate con-
centration at the steady state has to accumulate above
a critical level for instability to occur; such an accumu-
lation takes place for values of L larger than 105 [8].

.

Fig. 2. Hill coefficient 2ad metubolite concentrations in the
course of sustained oscillations. The periodic variaztion of the
normalized substrate (a) and product (y) concentrations is
obtuined by integration of ¢q. (1) on un IBM 370-165 com-
puter, fore =€ = 0.1, L = 10°, ¢ = 165 (other paramieters
as in fig. 1); initial conditions are o = 40, v = 8. The corre-
sponding variation of the Hill coefticient #pg is determined
according to eq. (3). Actua; metabolite concentrations are
obtained by multiplying a and 7 by the dissociation constant
Kgp=5x10"2mM {7,8].

It can be seen that only large values of the Hill co-
efficient, close to the maximum value, are associated
with instability and periodic behavior. A numerical
study of the model over a wide range of parameter
values indicates that a necessary prerequisite for in-
stability of the steady state in a dimer K system is a
Hill coefficient larger than 1.6 in this state.

In the course of oscillation. the Hill coetficient
varies periodically but remains in the neighborhood
of its maximum value (fig. 2). The double periodicity
exhibited in the time variation of ny; reflects the de-
pendence of the Hill coefticient on both substrate and
product concentrations. which do not oscillate in
phase, as shown in fig. 2.

4. Discussion

The study of the Hill coefficient at the stationary
state in the allosteric model for the PFK reaction illu-
strates well the essential role of enzyme cooperativity
in the mechanism of glycolytic oscillations. This study
indicates that positive cooperativity of enzyme—sub-
strate interactions is a necessary prevequisite for sus-
tained oscillatory behavior.

The above results can be related to some experimenta
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observations. The maximum number of cycles in glycol-
yzing yeast extracts is obiained around pH 6.5 [17].
Similar results were reported for muscle extracts [6].
These observations suggested {3, 8, 10] a role for en-
zvme cooperativity in the mechanism of glycolytic
instabilitv, since the PFK from many sources behaves
as a Michaelian enzyme near pH 8, and becomes allos-
teric at acidic pH [18]. Available data on the pH depen-
dence of PFK cooperativity in yeast {19] would not
seem to support such straightforward interpretation

of the effect of pH on oscillation; this effect might in
part arise from the pH dependence of enzyme activity
[19]). The domain of sustained oscillations in yeast
nevertheless corresponds to the region of maximum
cooperativity in the saturation curve of PFK by its
substrate F6P [4].

Positive effectors of PFK, suck as ammonium ions
[4. 20}, as well as negative effectors, such as citrate
[6]. inhibit glycolytic oscillations. Similar results are
obtained with indirect effectors of PFK [20,21]. The
present analysis suggests that these effectors all inter-
fere with the oscillatory mechanism by lowering PFK
cooperativity. Positive and negative effectors bring
about such effect by inducing a decrease and an in-
crease in the apparent allosteric constant, respectively.
Both types of action may result in lowering the Hill
coefficient below some critical value, as indicated in
fig. 1. Addition of an inhibitor should not hinder os-
cillations in the case of exclusive or quasi-exclusive
binding of substrate to the R state, as shown by the
curves corresponding to ¢ =0 and ¢ = 10~10, In such
a situation, an increase in L’ can at most induce a
lengthening of the period [8].

The physical interpretation of the above results
can be obtained from a discussion of the kinetic equa-
tions. Such a discussion throws light on the interplay
of positive feedback and cooperativity in the mecha-
nism of instability in glycolysis. The term (1 + 2 in
eq. (2) reflects the activation of the enzyme by the re-
action product. This autocatalysis destabilizes the
stationary state [7,8]. As long as the allosteric constant
L remains small, the effect of positive feedback is
negligible, as most of the enzyme is already present in
the R state, which has the largest affinity for the sub-
strate, in the absence of ligands. Then the ratio (v/Vyy)
in eq- (2) reduces to Michaelian form; oscillations do
not occur in these conditions. Autocatalysis becomes
preponderant only when the cooperativity of allosteric

interactions is large, i.e.. for large values of L and small
values of c. It should be noted that instability can oc-
cur for lower values of L in a K—V system when the
substrate binds significantly to the less active T state,
since such binding then enhances the effect of auto-
catalysis {7,8].

The present calculations have been carried out on
a dimer enzyme model. Dimers are of special interest
for the determination of the role of cooperativity in
the mechanism of sustained oscillations, since they re-
present the minimal situation in which cooperative
interactions can take place in multisubunit enzymes.
The results on the role of cooperativity in the onset of
oscillations in 2 dimer system would likely extend to
enzymes formed of a larger number of protomers. In-
deed a larger subunit number does not change signif-
icantly the oscillatory properties of the system {22},
nor does it change the discussion on the relative mag-
nitude of the allosteric constant and positive feedback
in the kinetic equations.

Cellular slime molds further exemplify the role
played by the cooperativity of allosteric enzymes in
the onset of metabolic oscillatiens. In Dictyostelium
discoideum, sustained oscillations of cAMP control
amoeboid differentiation [1,2,23]. A mechanism for
the periodic synthesis of cAMP in D. discoideum has
been proposed, based on the regulatory properties of
adenyl cyclase [24]. The cooperative kinetics of this
enzyme is of primary impoartance in the mechanism
of oscillation since the analysis of the model indicates,
as in glycolysis, that large values of the allosteric con-
stant are associated with instability of the stationary
state.

Models for oscillations in a sequence of enzymatic
reactions controlled by end-product inhibition also
show that cooperativity of the feedback process is a
necessary prerequisite for periodic behavior [25]. Sim-
ilar conclusions apply to periodicities that originate
from genetic regulation [3,25] and from the coopera-
tivity of transport processes in membranes [26]. These
results, and those obtained for the PFK model, sup-
port the view [27] that cooperative allosteric transi-
tions at the genetic, enzyme, or membrane level might

from an essential part of the instability mechanism in
many biochemical oscillations.
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Appendix. Metabolite concentrations at the steady state

At the steady state, (dofdr) = (dy/dr) = 0, and the
normatized product concentration is
Yo =01 /k;.- A.n
Eq. (1) further yields the relation

0§ (o — oyq8) Lce)? + (o) — 0y )1 +7g)2e?]
+agf(20) — oy e(l +95)? + 2oy — o) Lce’}

+ oy [L+(1 +79)%] =0. (A.2)
Denoting by m,, m,, and m; the coefficients of o%,
¢y, and the independent term in this polynomial, we
obtain the expression for the normalized substrate
concentration at the steady state:

ag = —[my +(m3 — damym3)H212m, . a3
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