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ON THE ROLE OF ENZYME COOPEfWTNWY IN METABOLIC OSCILLATIONS; 

ANALYSIS OFTHE HILL COEFFICLENT IN A MODEL FOR GLYCOLYTIC PERiODiClTIES 

Rcceivcd 24 June L976 

The roIe of enzyme coopcrzxtivity in the rnc~~n~rn of mctaboIic oscillations is anzdyzcd in 3 concerrrd nllosrcric model 
for the phosphofructokinase reaction. This model of a dimcr cnzyrnc activated by the reaction product accounts quantita- 
tively for @ycolytic periodicitics observed in yeast and muscle. The Hilt coefficient cfrxacteristic of enzyme-substrate 
interactions is determined in the model, both at the steady state and in the course of sustained ascilfatiuns. Positive coop- 
erativity is a prerequisite fo: periodic behavior, A necessz~ry condition for oscillation in il dimer Ii system is 3 nilI coefficient 
I,lrger than 1.6 at the unstable stitionnry state. The analysis su~csts that positive as well as negative effecters of phospho- 
fructokinase inhibit g!ywlytic os~~l~tjons by inducing a decrease in enzyme cooperativity. The results arc discussed with 
respect to gtycolytic and other metabolic periodicities. 

1. Introduction 

The physiological significance of metaboiic oscilla- 
tions is progressively coming to light. the best exam- 
ple being the role of periodic CAMP pulses in the dif- 
ferentiation of celfalar &me m&ds fl ~ 2 see ref. 3 for 
a review]. Glycolytic oscillations are the prototype of 
periodic&y in a metabolic pathway [3]. These oscilfa- 
tions, observed in yeast and muscle [4-61, result from 
the cooperative and regulatory properties of phospho- 
fructokinase (PFK) *- An dlosteric model has been 
developed for the PFK reaction 17, S] , in the frame 
of the concerted transition theory of Monad es al, f9]. 
The model yields agreement with the oscillatory dy- 
namics of the glycoiytic system, and dlfows ;L detailed 
analysis of the mohcuIar mechanism of oscillations in 
this pathway [3,7,8, IO]. 

The positive feedback exerted on PFK by a reac- 
tion product and the far from equ~ib~um operation 
of this enzyme play an essential role in the origin of 
glycolytic p~riodic~~ies (3-S, 10). Experimental re- 
sults an the periodic on-off performance of PFR sug- 

* Abbteviations: PFK. pbosphofructokinase {E.C. 2.7.Ltl); 
F6P, fructose-S-phosphate; FDP. f~cto~l,~iPbospb~t~. 

gest that the allosteric nature of tha enzyme is of 
equal ~m~ort~~ce for oscillatory behavior [4] _ The 
purpose of the present study is to determile the rote 
of enzyme eaoperativity in the. onset of metabolic 
oscillations. To this end, the Hill coefficient chsractcr- 
istic of enzyme-substrate interactions is analyzed in 
the allosteric model for PFK. The motivation for this 
analysis is twofold: the Hill coef~~ient is the most 
widely used measure of cooperativity in allosteric en- 
zymes; furthermore, its andyticat expression in the 
concerted model is known {I I --f 3j- 

It is well established that sustained periodicities in 
chemical systems occur around a uouequ~~ibriun~ un- 
stable stat~o~a~ state f 14, IS] . Here we show that 
sustained oscillations in the PFK model are associated 
v&h large values of the Kill coefficient at the unstable 
steady state. These values are close to the number of 
p.. :c)mers constituting the enzyme. Moreover. the Will 
coefficient remains near maximum during osciIIation. 

The analysis OF :he Hill coefficient provides an ex- 
planation for the fact that positive as weli as negative 
effectors of PFK b-&bit glycolytic oscillations. The 
results support the conclusion that enzyme coopera- 
tivity plays a primary role in the mechanism of &co- 
lytic and other metabolic periodi~~ties. 



2. Allosterk model for gfycolytic osciihtions 

The model deveIoped for the PFK reaction in the 
frame of the concerted transition theory [9] is that 

of an open K-V system in which the product is a 

positive effector of the dimer enzyme (see ref. [7] and 
[8J for a detailed presentation). When the effect of 

diffusion remains fiegligible. as in continuousty stirred 

extracts of yeast or muscle [4-61, the time evolution 
ofsubstrate and product concentrations is described 
by the following kinetic equations [7.8] : 

with 

Here, clr and y denote respectively the concentrarion 

of substrate (ATP or F6P) and product (ADP or FDP) 
of the PFK reaction, divided by the dissociation con- 
stant K, of enzyme complexes in the R state. The al- 
losteric constant L denotes the ratio of enzyme forms 
in the T and R states in the absence of ligands; the 

nonexcLusive binding coefficient c, equal fo rhe ratio 
riR/KT, reflects the dilferenlial affinity of the sub- 
strate for these states; uI and ull denote the substrate 

input rate and the maximum enzyme reaction rate, 
divided by K R; k, is the rate constant for the product 
sink; 13 represents the ratio of catalytic constants of the 
T and R conformations. Finally. e = (1 f E)-’ and 
c’ = (1 f E’)-* , where E and E’ are relative catalytic 
constants of the T and R states. Further details on the 
definition of these parameters are given in refs. 

[7,8, IO]. 
A stability analysis of the stationary state (Q. yo) 

admitted by eq. (1) for (dcr/df) = (dy/dt) = 0 yields 
the conditicns in which the system undergoes sustained 
oscillations of the limit cjrcle type 17,s). The oscilla-f 

tory behavior of the model is in agreement with ex- 
perimental findings in gl~ colyzing yeast extracts as to 
the oscillarory range of substrate injection rates, 
periodic variation of enzyme activity, control ofperi- 
od and amphtude by the substrate input, phase shift 
by the product, entrainment by a periodic source of 
substrate, and stabili:y in the presence of random var- 
iations of the substrate input [3,7,8,lOJ _ It follows 
that the oscillatory dynamics of the glycolytic system 

can satisfacrorily be described by the allosteric model 

for the PFK reaction. 

3. Enzyme cooperativity and sustained oscillations 

The domain of sustained oscillations in the PFK 

model usually corresponds to large values of the al- 
losteric constant L [7.8J_ These values, of the order 
of II+, suggest that enzyme cooperativity plays a 

primary role in the onset of periodic behavior_ This is 

confirmed by a quantitative analysis of the Hill coeffi- 
cient at the stationary state. 

!n enzymatic systems, the Hill coefficient is defined 
3s the slope of a Hill plot established either with re- 

spect to the equilibrium saturation function of the en- 

zyme, or with respect to the reaction rate. For each 
definition. an analytical expression of the Hill coeff- 
cient has been obtained in the concerted model for 
allosteric enzymes [I 1 --I 31. In perfect K systems. in 
which the T and R stares have the same catalytic activ- 
ity (0 = 1). the analytical expression of the HiIt coeffi- 

cient remains similar for binding 11 I] or kinetic data 
[I 2,131. The kinetic Hill coefficient related to the 

substrate is then given. in the PFK model, by the rela- 
tion [13]: 

rr*i = 1 + &.L’(e-cc’)Z/ { [( I -I- cue) f L’( I f ace’)] 

X [&I f ore) f L’ce’( t + ace’)]), (3) 

where the apparent allosteric constant L’ is defined [9] 
3s 

L.‘=L/(i +#_ (4) 

A( equilibrium, e = e’ = I; eq. (3) then yields the ex- 
pression of the Hill coefficient defined for binding 
[II-131. 

The vaiue of the Hilt coefficient at the stationary 
state is obtained by inserting the steady-state concen- 
trations or,,. 7o (see the appendix) in relations (3) and 

(4)- 
As shown in previous studies of the concerted mod- 

el [ 161, the Hill coefficient in a perfect K system goes 
to unity when the substrate has the same affinity For 
the T and R states (c = I), and tends to its maximum 
value, equal to the number of protomers constituting 
the enzyme, when the substrate binds exclusively to 
the R state (c = 0). A plot of the Hill coefficient at the 
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Fig. 1. Hill cacfticient at the stationary state and oscillatory 
domain. as a function of the allostcric constant I. and of the 
nonexdusive binding cuefficicnt c. The Hill cocfficicnr “11 is 
cdcuIated according to cq_ (3), at the steady state given by 
cq. <Al) and (A-3) in the appendix. On each curve. the xg- 
mcnt of dashed lint bctwecn arrows indiwtcs periodic bchnv- 
ior, of the limit cycle type, around an unstable starionnry 
start; the stability properties of the steady stare are dcter- 
mined by norrrml mudc analysis [ 7.8 1. The curves arc csrab- 
Lished on an IBM 370-165 compurcr, fur the following set of 
parameter values corresponding to cxperimentsl data in oscil- 
lating yeast extracts [3,4.7.8,101: c = C’ = 10P3. 0, = 0.7 5-l 
k, = 0.1 5-I. *%I = 4 s-l ; the diulcr cnzyrnc considered is n 
perfect K system (0 = I). Similar curves are obtained uhen the 
HiJl coefficient is plotted as a function of the apparent allos- 
tcric constant L’. 

stationary state as a function of the nonexctusive 
binding coefficient of the substrate shows, in the PFK 
model, that sustained oscillations occur below a criti- 
cal value of c when the allosteric constant is sufficient- 
Iy large [S] _ 

The relationship between the steady-state value of 
the Hill coefficient and the allosteric constant is illu- 
strated in fig. I, for different values of the nonexclu- 
sive binding coefficient. Bell-shaped curves thus ob- 
tained resemble those that yield the maximum Hill 
coefficient for binding as a function of the apparent 
allosteric constant [ 16]_ On each curve. the segment 
of dashed line indicates the domain of sustained oscil- 
lations. For a given value of c, there is a finite domain 
of L values yielding oscillation, except when the sub- 
strate binds to the R state of the enzyme exclusively 
(c = O)_ 

The oscillatory domain of rrH values presents a cer- 
tain asymmetry with respect to the allosteric constant_ 
This asymmetry results from that the substrate con- 
centration at the steady state has to accumulate above 
a critical level for instability to occur; such an accumu- 

lation takes place for values of L larger than 105 [S]. 

I’ig. 2. Iii11 coefficient and rnctabt~tite concentrations in the 
course of sustained oscillations. The periodic variation of rhc 
norm;llizcd subsrratc (a) XXI product (7) corxcnrrarions is 
obreiwd by intcprxion UP CC+ ( t) *HI an IBM 370-165 com- 
puter. Jtir c = E’ = 0.1, 1. = IO’,c = LO-’ (0tlii.r par.imetcrs 
3s in fig. 1); initial conditions arc Q = JO. y = 5. The corrc- 
spending variation of the llill corfticicnt “11 is dctcrmined 
according lo eq. (3). Acni3; merJbolirc conccntrilrions are 
obtained by mukiplyinp a a’ld 3 by rhc dissociarion consrant 
KK’S x 10-2mU [7,9/. 

It can be seen that only large values of the ifill CO- 
efficient, ctose to the rrxrsimuu~ value, are associated 

with instability and periodic behasrior. A numerical 

study of the model over a wide ranse of psrametrr 
values indicates that a necessary prerequisite for in- 

stability of the steady state in a dimer K system is a 

Hill coefficient larger than 1 .G in this state. 
In the course of oscillation. the Hill coefficient 

varies periodically but remains in the nei$borllood 
of its maximum value (fig. 3). The double periodicily 
exhibited in the time variation of-~l~~ reflects the de- 
pendence of rhe Hill coefficient on both substrate and 
product concentrations. which do not oscikle in 
phase, as shown in fig. 7. 

4. Discussion 

The study of the Hill coefficient at the stationary 
state in the allosteric model for the PFK reaction illu- 
strates well the essential role of enzyme cooperativiry 
in the mechanism of glycolytic oscillations. This study 

indicates that positive cooperativity of enzyme-sub- 
strate interactions is a necessary prerequisite for sus- 
tained oscillatory behavior. 

The above results can be related to some experimenta 



observations. The maximum number of cycles in glycol- 
yzing yeast extracts is ob:ained around pH 6.5 [ 17). 
Similar resubs were reported for muscle extracts [6] _ 

These observations suggested [3,8, IO] a role for en- 
zyme cooperativity in the mechanism of glycolytic 
instability, since the PFK from many sources behaves 

as a hlichaefian enzyme near pH 8, and becomes allas- 

tcric at acidic pH [ 1 S] _ Available data on the pH depen- 
dence of PFK cooperativity in yeast [I91 would not 
seem to support such straightforward interpretation 
of the effect of pH on oscillation: this effect might in 
part arise from the pH dependence of enzyme activity 
[ 19]- The domain of sustained oscillations in yeast 

nevertheless corresponds to the region of maximum 
cooperativity in the saturation curve of PFK by its 

substrate F6P [4]. 
Positive effecters of PFK, such as ammonium ions 

[4_ 201.3s well 3s negative effecters, such as citrate 

[6], inhibit gIycoIytic oscillations. Similar results are 
obtained with indirect effecters of PFK [20,21] _ The 
present analysis suggests that these effecters all inter- 

fere with the oscillatory mechanism by lowering PFK 
cooperativity. Positive and negative effecters bring 
about such effect by inducing a decrease and an in- 
crease in the apparent allosteric constant, respectively. 

Both types of action may result in lowering the Hill 
coefficient below some critical value, as indicated in 
fig. 1. Addition of an inhibitor should not binder os- 
cillations in the case of exclusive or quasi-exclusive 

binding of substrate to the R state, as shown by the 
curves corresponding to c = 0 and c = lo-to. In such 
a situation, an increase in L’ can at most induce a 
lengthening of the period [8]. 

The physical interpretation of the above results 
can be obtained from a discussion of the kinetic equa- 
tions. Such a discussion throws Iight on the interplay 
of positive feedback and cooperativity in the mecha- 
nism of instability in glycolysis. The term (1 f T)~ in 

eq. (2) reflects the activation of the enzyme by the re- 

action product. This autocatalysis destabilizes the 
stationary state [7,8]. As long as the ahosteric constant 
L remains small, the effect of positive feedback is 
negligible, as most of the enzyme is already present in 

the R state, which has the largest affmity for the sub- 
strate, in the absence of Iigands. Then the ratio (u/V,,) 
in eq. (2) reduces to Michaelian form; oscillations do 
not occur in these conditions_ Autocatalysis becomes 
preponderant only when the cooperativity of allosteric 

interactions is large, i.e.. for large values of L and small 
values of c. It should be noted that instability can oc- 
cur for lower values of L in ZI K-V system when the 

substrate binds significantly to the less active F state, 
since such binding then enhances the effect of auto- 
catalysis [7,8] _ 

The present calculations have been carried out on 
a dimer enzyme mode!. Dimers are of special interest 
for the determination of the role of cooperativity in 
the mechanism of sustained oscihations, since they re- 
present the minima1 situation in which cooperative 
interactions can take place in multisubunit enzymes. 

The results on the role of cooperativity in the onset of 

oscillations in a dimer system would likely extend to 
enzymes formed ofa larger number of protomers. In- 

deed a larger subunit number does not change signif- 
icantly the oscillatory properties of the system [22], 
nor does it change the discussion on the relative mag- 

nitude of the allosteric constant and positive feedback 
in the kinetic equations. 

Cellular slime molds further exemplify the role 

played by the cooperativity of allosteric enzymes in 

the onset of metabolic oscillations. In Dicryosrelium 
discoideum, sustained oscillations of CAMP control 
amoeboid differentiation [I, 2,23]_ A mechanism for 
the periodic synthesis of CAMP in D. discoideum has 

been proposed, based on the regulatory properties of 
adenyl cyclase [24]_ The cooperative kinetics of this 
enzyme is of primary importance in the mechanism 
of oscillation since the analysis of the model indicates, 

as in glycolysis, that large vahres of the allosteric con- 
stant are associated with instability of the stationary 

s:ate. 
Models for oscillations in a sequence of enzymatic 

reactions controlted by end-product inhibition also 
show that cooperativity of the feedback process is a 

necessary prerequisite for periodic behavior 1251. Sim- 
ilar conclusions apply to periodic&& that originate 
from genetic regulation [3,25] and from the coopera- 
tivity of transport processes in membranes [26] _ These 
results, and those obtained for the PFK model, sup- 
port the view [37] that cooperative allosteric transi- 
tions at the genetic, enzyme, or membrane level might 

from an essential part of the instability mechanism in 
many biochemical oscillations. 
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At the steady state, (dac[dt) = (drfdt) = 0, and the 
normafized product concentration is 

r0 =qlks. (A-1) 

Es. (1) further yields the relation 

a$C(at - o~@L(c# f (at - O&Cl f r&W 

+ c~ [(2ot - uhf) e(l f yOj2 + (30~ - o&)Lce’] 

“q[L+(l +y(p] =o. (A-2) 

Denoting by m, , m2, and ttz3 the coefficients of a$ 
~0, and the independent term in this polynomiai, we 
obtain the expression for the normalized substrate 
conceatration at the steady state: 
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